Rückert's Nullstellensatz for germs of analytic functions and its analogue for germs of real analytic functions are proved by a combination of nonstandard analysis with a model theoretic transfer principle. It is also shown that Rückert's Nullstellensatz is constructive essentially relative to the Weierstrass preparation theorem.
point for a given prime ideal in a ring of convergent power series is combined with the transfer principle of §2 to a model theoretic proof of Rückert's Nullstellensatz.
§4 investigates the constructive aspects of Rückert's theorem. A. Seidenberg's constructive proof of Hubert's Nullstellensatz [7] is extended to a proof of Rückert's Nullstellensatz which is constructive essentially relative to the Weierstrass preparation theorem and certain linear substitutions in a ring of convergent power series over C.
In §5 we consider the corresponding problem for n.s. germs of real analytic functions at the origin. It turns out that the argument used in § § 1-3 to prove Rückert's theorem can be carried over with slight modifications to prove a Nullstellensatz for n.s. real analytic function germs. Our theorem is essentially the n.s. version of a theorem of J.-J. Risler [3] ; it relates to Dubois' Nullstellensatz [1] for polynomials over ordered fields as Rückert's Nullstellensatz relates to Hubert's Nullstellensatz. I.A (Taylor expansion). For every fGRn there is a h GRn, such that,
1.5 (Weierstrass' preparation theorem). For every /G R°, which is regular of order k > 0 in Xn, there exist uniquely determined elements o GRn, uo ' ' ' uk-l e-^n-i> sucn -ha* ord(u) = 0 and f = vl¿ "/^ +xA, n>\.
We consider Rm in a natural way as subring of Rn for m<n, and identify R0 with C. Un<w^n is denoted by R" and \Jn<uRn *>y /?£,. The ring structure of R,, will now be used in order to describe the theories A' and A.
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The language L of A' and A contains the following nonlogical symbols. ( We count variables and the symbol "=" for equality among the logical symbols.) 1.6. (i) The binary function symbols +,-,*, and for every fGRn,n>l, a n-ary function symbol f.
( (iv) If tx,t2G T, then f j + r2, ij -f2, tx ' t2G T. Every term í G T determines a unique element ftGRw, which is obtained from t by copying the construction of t in /?w. Thus /(6Ä° for tGT0. We call terms of the form ¿=o where f0 ' * ' *fc are terms not containing the variable *, pseudo-polynomials in jc of degree fc, and terms of the form 'E U,'*n+*"fc> /=0
where u¡GR°,_x, Weierstrass polynomials in xn of degree &. Atomic formulas are expressions of form r¡ = r2 for tx, t2 G T, or i/(r) for tGT. Formulas are built up from atomic formulas as usual in a first order theory, using the connectives A, V, ~~l,-►, *->, and quantification. A formula containing no free variable is called a sentence. We abbreviate formulas of form 3 x(U(x) A <¿>), \/x(U(x) -► <¿>), where <p is a formula, by (3 x),j(<p), respectively (Wx)^), and refer to the expressions (3x)v, (Wx)v as restricted quantifiers. A formula of form (SXj)^ ••• (Ix^yfa), where tp is quantifier-free, is called a restricted existential formula.
A' has the following axioms: 1.8 . Axioms for algebraically closed fields', formulated as usual as a set of sentences in L. (ii) For every pair tx,t2 of variable-free terms, such that ft =£ft holds in R0 = C, the axiom ij ¥= t2.
A has all the axioms of A' together with the following set of axioms:
1.11. For every n > 1:
The contents of these axioms are best understood in terms of the following characterization of the models of A' and A. (ii) Let ^M^M, n>0, denote the ring of functions from UM into M with pointwise operations. The map Rw -► U"<a)^t/^^Ai, given by f \-► fM^UM for /G Rn, n > 0, is a ring homomorphism and its restriction to R0 = C is a monomorphism, i.e. the set CM = {cM: c G C} with the restrictions of 4-M, -M, 'M to C^ is an isomorphic copy of the field C.
(iii) UM is a subring of dM, +M, -M, mM) under the restrictions of +M' -M> 'M to UM> UM * {0m}> UMnCM= Í0M> ■ UM is closed Under the functions fM for /Gi?^ and hence in particular a vector space over CM. Moreover M is a model of A iff in addition:
(iv) The ring dUM,+M r U2M, -Mf UM, -Mt U&) is integrally closed in
We shall now describe two different ways to obtain models of A'. First, let C be the higher order structure over the set C and *C an enlargement of C (for the basic concepts of nonstandard analysis see [5] ). Every fGRn, n>0, determines a unique n.s. analytic function germ /» at the origin, which is defined as follows: Let / be the function analytic at the origin determined by /, and */ the extension of f in *C. Then /, is the restriction of *f to the monad of the origin in *C" (cf. [4] ). Using 1.12, it is easy to verify that the structure M( Recall that so far all equivalences were in A'. Now, let 2.8 be the sentence resulting from 2.7 by replacing the restricted quantifier Oxn)u by the unrestricted quantifier (3xn). Then, obviously A' I-2.7 -> 2.8, and by 1.11,1.9 A I-2.7 <-► 2.8.
Since the terms pj ''• • pm are pseudo-polynomials in xn, we can apply the usual quantifier-elimination procedure for the theory of algebraically closed fields to the quantifier (3x") in 2.8 and thus arrive at a sentence.
in L, such that &(xx ' ' ' xn_x) is quantifier-free and A' \-2.8 *-* 2.9. Finally, the induction assumption is applied to 2.9.
3. Rückert's Nullstellensatz. Let *C be an enlargement of C and Tn(*C) the ring of n.s. analytic function germs of n variables at the origin. For It is natural to ask whether Seidenberg's construction can be extended to yield a proof of Rückert's Nullstellensatz, which is in some sense "constructive". This is indeed possible, if we allow certain operations and decisions in the ring Rn to enter our constructions in place of those mentioned in 4.2. Analyzing the quantifier-elimination procedure in A for restricted existential sentences in L, we find that the following operations were used: We will now formulate a counterpart of Dubois' Nullstellensatz for nonstandard real analytic function germs. Let /? be the higher order structure over the set R of real numbers, */? an enlargement of R, and Tn=Tn(*R) the ring of nonstandard germs of real functions in n variables analytic at the origin. (ii) for every c G R a constant-symbol c, (hi) a unary predicate-symbol U and a binary relation-symbol <. The sets T, T° of terms and special terms in L are defined analogous to T,T°. Atomic formulas in L are expressions of form tx = t2, tx <t2, or U(tx) for tvt2GT. We replace A', A by theories A'CÄ in L with the folio wing axioms:
Axioms for the theory of real closed fields formulated in L; the axioms U(0), ~U(c) for0^cGR,(3x)rj(x=^0); forevery j(xx, ... ,xn)GT° the axiom (Wxx)v • • • (Vxn)u(U(t(xx, . . . , xn))); the analogues of the axioms 1.10(1); for every pair tx,t2 of variable-free terms in T suchthat ft <ft holds in R0 = R the axiom tx <t2. These are all the axioms of A1; A has in addition the axioms 1.11 and the axiom VxVv(0 <x < y AU(y) -*■ U(x)).
The models of A' and A can be characterized in a way similar to 1.12. We remark in particular that a model M of A' is a model of A if and only if UM is an isolated subring of M and integrally closed in M. Any enlargement R of R gives rise to a model M( *R) of A defined similar to M( */?). Likewise any prime ideal 7 in Rn, such that JÇR0, and Rn/J can be embedded into a real closed field, K induces a model M(J, K) of A' defined similar to M(J, K).
The transfer principle 2.1 carries over without difficulty to-the language L and the theories A', A instead of L, A', A; it suffices to replace the quantifier elimination procedure for the theory of algebraically closed fields in the proof of 2.3 by the corresponding procedure for real closed fields (see [8] ).
The proof of theorem 5.3 is then completed as in §3 by constructing a generic point ax, .. . ,an for suitable ideal J C Rn (obtained this time by lemma 5.2) in a model M(J, K) of A' and applying the transfer principle for A' and A.
The author knows of no analogue of Seidenberg's constructive proof for Hubert's Nullstellensatz that could be used to show that theorem 5.3 is constructive relative to the Weierstrass preparation theorem (in the sense of §4). It is, however, easy to see that Dubois' Nullstellensatz 5.1 is constructive, if the ground field F is the field of rational numbers.
As remarked at the end of §3, we can combine theorem 5.3 with A. Robinson's argument in [4, §5] , to get an analogous theorem for n.s. real cylindrical function germs.
